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Abstract 

From the bicovariant first order differential calculus on inhomogeneous 
Hopf algebra B we construct the set of right-invariant Maurer-Cartan one- 
forms considered as a right-invariant basis of a bicovariant ,8-bimodule over 
which we develop the Woronowicz's general theory of differential calculus 
on quantum groups. In this formalism, we introduce suitable functionals 
on B which control the inhomogeneous commutation rules. In particu- 
lar we find that the homogeneous part of commutation rules between the 
translations and those between the generators of the homogeneous part of 
B and translations are controled by different R-m atrices satisfying non- 
trivial characteristic equations. 



1 Introduction 



The Poincare group plays a fundamental role in physics. It is intrinsically con- 
nected to the geometry of the space-time on which the physical systems are 
described and could be invariant under its action. Then, it is especially inter- 
esting to study the non-commutative version of the Poincare group from which 
on can hope to obtain new insight on the underling space-time geometry as, for 
example, an improved ultraviolet in quantum field theories or a description of 
symmetries in a future quantum Einstein-Cartan gravity. 

The construction of quantum Poincare group and quantum space-times has al- 
readybeen considered by several authors [l]-[8]. These constructions starteither 
fromthe existence of a i?-matrix and the consistency of the commutation rules 
betweenthe different elements of the generators of the Poincare group and those 
of the quantum space-times or from the projection of homogeneous quantum 
groups. In certain works this consistency is only obtained by introducing extra 
generator [4], [6]. 

Recently, in the work P. Podles and S.L. Woronowicz [9] inhomogeneous commu- 
tation rules for inhomogeneous Hopf algebra without dilatation have been con- 
structed. This construction is based on the existence of a bicovariant subimodule 
of the inhomogeneous algebra regarded as a left module (over the homogeneous 
part) generated by translations and leads to a same i?-matrix, subject to the 
condition R 2 = I® 2 , which controls the homogeneous parts of the different com- 
mutation rules. 

In this paper we present a quite different method based on the differential calcu- 
lus on the inhomogeneous Hopf algebra from which we derive the corresponding 
inhomogeneous commutation rules. In this framework, we show that the homo- 
geneous parts of the commutation rules are controled by different i?-matrices 
satisfying nontrivial characteristic equations. Although our formalism is quit in 
[9], it gives, under special conditions, identical results. 

The present paper is organized as follows: In section 2, we recall some basic 
notions about the inhomogeneous Hopf algebra and construct a right-invariant 
basis of the bimodule over this algebra. This right-invariant basis allows us to 
generalize, In section 3, the Woronowicz proposal [10] to the inhomogeneous Hopf 
algebra by introducing suitable functionals over B. The study ofthese functionals 
leads us to construct inhomogeneous commutation rules between the elements 
of B whose homogeneous parts are controled by different /^-matrices satisfying 
nontrivial characteristic equations. Finally, we investigate in section 4 the consis- 
tency conditions between these functionals and the different commutation rules 
of the inhomogeneous quantum group. 

Throughout this paper we use Einstein's convention (sum over repeated indices) 
and for the simplicity of calculations we define vTw G M NN (B) by (vTw) n ™ e = 
v n k w m e , n, m, k, t G 1, • • ■ , iV, for any v and w G M N (B). 
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2 Differential Calculus On Inhomogeneous 
Quantum Groups 

In this section, we start by recalling some basic background about inhomoge- 
neousHopf algebra B and the covariant first order differential calculus to con- 
struct a bicovariant bimodule Y of one-forms over B and a basis of the vector 
space T inv C T of all right invariant elements of T. 

An inhomogeneous quantum group Q is built from a quantum group Ti and trans- 
lations described by elements p n ,n = 1,...,N corresponding to an irreducible 
representation A n m of 7i. The corresponding Hopf algebras are treated as alge- 
bras of functions on quantum groups, Poly(^) = B and Poly(7i) = A. More 
precisely, following [9], one defines B as: 

1. An abstract unital H A and elements p n such that Ib = Ia = I- 

2. A is a Hopf sub-algebra of B. 

3. "P = ^ ^ ^ ^ is a representation of Q. 

4. There exists n e 1, • • • , N such that p n £ A. 

5. T P A C T p where T p = AX + A, X = span(p n , n = 1, • • • , N). 
By virtue of 2.-3., B is endowed with the following linear maps: 
- The coaction (algebra homomorphism) A : B — > B ® B 



Due to the representation V of Q the coaction acts on the generators as 



A(a) = a(i) <E> a( 2 ), a G £> 



satisfying the coassociativity condition 



(A <g> id) A(a) = (id <g> A)A(a) 



a (1) ®a (2) (8)a(3). 



A(A^) 
A(p B ) 



A' 



- The counit (character) e : B 



C satisfying 



(e<g>id)A(a) 



(id (g) e)A(a) = a, a E B, 



acts on the generators as 



s(A n J = SI and s(p n ) = 0. 
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- The antipode (algebra antihomomorphism) S : B — > B satisfying 

mo (S®id)A(a) = mo {id® S)A(a) = I B e(a) , a e B, 
where m : £> <8> B — > # is the multiplication map. it acts on the generators as 

S(A£)AJL = e« = AJS(A£), 
5(AJ)p* + 5(p") = e(p n ) = = A£S(p fc )+P n - 

One says [10] that (T, d) is a first order differentialcalculus on the inhomogeneous 
Hopf algebra (B, A, S, e)if d : £> — > T is a linear map obeying the Leibniz rule, 
d(ab) = (da)b + a(db) for any a,b G B. T is a bimodule over B and every element 
of T is of the form J2k a k db k ,where a k , b k G B.We say that (r, d) is left-covariant 
if for any a k ,b k £ B 

J2 dkdb k = & J2 A K) ( id ® <0 A(6 fc ) = 

and is right- covariant if 

J2a k db k = ^J2 A ( a k)(d®id)A(b k ) =0. 

(T, d) is bicovariant if it is left- an d right-covariant. This notionof covariant 
differential calculus leads to the left-coactionA L and right-coaction A R which are 
bimodule homomorphisms 

A L{R) {apb)=A(a)A L{R) (p)A(b), a,beB, P eT (1) 

and satisfy 

A L d — (id ® d)A , A R d = (d ® id) A, 
(e®id)A L — id and (id®e)A R = id. (2) 

For a bicovariant bimodule, the following condition is satisfied 

(A L <g> id)A R = (id <g> A R )A L . 

Since, B = Poly(Q) = Poly(A,p), a?A ra m and dp n generate T as a bimodule of 
one-forms over B, we have 
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Lemma (2,1) 



dA\S{A k m ) and U R = dp n - Q\p k (3) 
the vector space Y inv C V of all right-invariant elements of T. 



proof. Since p n correspond to an irreducible representation A of H, they are 
linearly independent, so are S(p n ) = —S(A n m )p m . Then dA n m and dp n oi dA n m 
and dS(p n ) form a basis of the one-form vector space which generates T as a 
£>-bimodule from which we can choose an another basis d(A n k )S(A k m ) = Q Rm 
and A n k dS(p k ) = p n — Q Rm p m = H R . To show the rightinvariance, it suffices to 
apply (1), (2) and the properties of the Hopf algebra structure of B to get 



A*(6£J = dA"^(A*J ® A\S(A k p ) = Q n Rm ® J, (4) 

a r (u r ) = dA\®p k + dp n ®i-e n Rm A m k ®p k -e Rm p m ®i 

= Q n Rm A m k ®p k + (dp n - Q n RmP m ) ® / - Q n Rm A m k ®p k = Il n R ®I, 

(5) 

A L (Q Rm ) = A»,S(A*J ® 6^, (6) 

A L (n^) = a\ ® - A^(A f jA"; ® - A" fc 5(A ? m r ® e 



k 

RJt 



A\ ® {dp k - Q k m p e ) + A\S(p e ) ® Q k 



R£ 



= A\®n R + A\s(p*)®e k m . (7) 

Q.E.D. 

Remark (2,1): Note that we can construct from H"^ and ® Rm a left-invariant 
basis as: 



Lm 



= S(A\S(A e J)e k m , (8) 



= s(A n ju^ + s(A n m s( P k ))e^ k (9) 



satisfying 



Al(6U = I®Q n Lm and A L (II£) = /®n™, 
A i? (6U = e k e ®S(A\S(A*J), 
A R (Wl) = Il k L ®S(A\) + e k u ®S(A\S(p 1 )). 

The bicovariance condition of these basis can be checked by direct computation. 
In the following, we consider the basis Q Rm = 6™ m and II^, = IT 1 . 
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3 Commutation Rules For Inhomogeneous Hopf 
Algebras 

Now, we are ready to study the commutation rules for inhomogeneous Hopf alge- 
bras by generalizing the formalism of the bicovariant bimodule theory of Ref. [10] 
to our bimodule presented in the previous section. Since IP and Q n m form a 
right-invariant basis, we are in the case where we can apply the different stages 
of Theorem (2,3) of [10] to state that there exist linear functionals f n m) f n £, f km 
and /™| e B' such that 



ITa = 

Q n m a = 



(a*P k )Il k + (a*P k ')Q k 



(a*/^)n* + 



(10) 

(11) 



and 



hi» = tf(k/>5) + e^(k/fo5), 
b& n m = n fc (b/;,o5) + e^*/;ioS) 

where the convolution product of a functional / E B' and an element a of B is 
defined as a* f — (/ ® id)A(a). From (10)and (11), one deduce 

= and /f(/) = (12) 

by setting a — I, and 



XTab = (ab*f n k )n k + (ab*f n £)e k e 

= ((a*r e )(b*f k ) + (a*r q n(b*f« k ))n k +((a*r q )(b*r e k ) 

+ (a*r?)(b*f? k ))e k e , 

Q n m ab = {ab*fl k )U k + (ab*fl" k )<d k 

= ((a*A)(6*A) + (a*W(6*^ fc ))n* + ((a*^)(6*rt) 

+ (a*f%)(b*f&e\ 

for any a,b e B. Comparing the coefficients multiplying II and and then ap- 
plying e, we get 



rjpb) = fl(a)f k m (b)+ff(a)f km (b), (13) 

= flWf^(b) + fl q (a)n k (b), (14) 

fZt(ob) = WW+M^), (15) 

/?(a&) = f n q (a)f^(b) + f^(a)f$(b). (16) 



6 



Applying now A L on both sides of (10) and (11), we obtain respectively 



A> (1) <g> Wa {2) + A n p S(p q )a (1) ® Q p q a {2) = f n p (a {1) )a {2) A p k <g> a (3) n fc 
Hf7M a (^ P kS(A\) + /> (1) )a (2) A^(/)) ® «(3)© fe , (17) 

and 

A n ^(A p m )a (1) (8) ©> (2) = /^(a ( i))a( 2 )A p fe <g> a (3) IT fc 

A P fe ^(/) + /r p («(i))«(2)A P ^(A £ g ))®a (3) e fe £ . (18) 

By virtue of (10) and (11), the first hand sides of previous equations can berewrit- 
ten respectively as: 

(A> (1) A(a (2) ) + A^(^)^(a (2) ))®a (3) n fc + (A> (1) /t(a (2 )) 
+ A^(^)a (1) /J(«( 2 )))®a (3) e fe , 

and 

A"^(A p Ja (1) /; fc (a (2) ) ® a(3) IT fc + A» S(A*Ja (1) $ (a (2) ) ® a (3) fc £ . 

Substituting the first expression into the first hand side of (17) and the second 
into the first hand side of (18), comparing the coefficients multiplying / (g> IT and 
7(8>0 and then applying / ® e, we obtain 

A n k (f k m *a)+A n k S(^)(f^*a) = (a*n)A k rn (19) 
^\U k L * a) + A» fc S(p»)(/£ * a) = (a * A)A fe m S(j/) + (a * /?)A« m S(A' fc ) 

(20) 

Ay7(A«J(/£*a) = {a*fl k )A\ (21) 

^\S{h? m ){ff * a) = (a * fl k )A\S(f) + (a * /£)AV?(A*,) 

(22) 

for any a G £>. In the following, we assume that 

= / * m * /? /t = *7* * f n m and j n km = Vk * / n m (23) 

where f] n , / n m G 5' and the convolution product of two functional G B' is defined 
as (/i */ 2 )(°0 = (/i <g> / 2 )A(a) for any a E B. The substitution of (23) into (12) 
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gives 



fT(T) = , UI) = and f n m (I) = 5 n m (24) 
and the substitution of ( 23) into (13-16) and (19) gives respectively 

rjpb) = (e(a {1) )e(h)) + t MUki))) f m (b {2) ) , (25) 

fme(ab) = f k m (a {1) b {1) )f n e (a {2) b {2) ) = 

= (/:(«(i))/^(i))+i(«(i))^(t (1 )))/;(a( 2 ))/^( 2) ), (26) 

fkm( ab ) = Vk(a(i)b {1) )f n m (a {2 )b(2)) = 

= (fkMUh)) +^Ki))e(6(i)))/" s (o(2))/ ff m (6(2)), (27) 

ft(ab) = fj k (a {1) b {1) )f n m (a {2) b {2) ) = 

= (e(a {1) )t(b {1) ) + r7 P («(i))/ p fe (&(i)))A(a ( 2))r m (&( 2 )) (28) 

and 

A n k (f k m ^a)+A\S(p l )(fj^f k m ^a) = (a*f n k )A k m . (29) 

Using now the associativity of the convolution product and making the substitu- 
tion of (29) into the second hand of (20), (21) and (22), we get 

^*/**a + 5(p«)(ft*/*.*a) = (/*.*oW) + (/*.*a*^)5(A i I ) 
+ 5(p«)(%*/*.*o)S( P i ) + 5(pP)(^*^)5(A*,), 
S(A fc J(%*/>a) = (/Va*^) + S(P*)(%*/"*a*»7m) (30) 

and 

S(A<J(/W**«) = 5(A'J(%*/**a)5( P i ) + (/*.*a*/' m )5(A i ,) 

+ 5(p»)(^*/*-*a*/'J5(A i / ) (31) 

where we have multiplied from the left by S(A p n )) and we have used (21) before 
(29) to obtain (32). We see from these relations that for any a G A, (30) is a 
commutation rule between elements of A and p n and (29), (31) and (32) involve 
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p n in the commutation rules between elements of A . Demanding A to be a Hopf 
subalgebra of B (condition 2.) leads to 
Proposition (3,1): A is a Hopf sub-algebra of B iff 



fj n (a) = , a E A 



(32) 



proof. For A to be a Hopf subalgebra of B, (29) and (32)must involve commuta- 
tion rules between elements of A only, this is satisfied if the term A n k S(p e )(fji * 
f k m *a) of (29) vanishes. Multiplying it from the left by S(A % n ) and using the fact 
that S(jr) are linearly independent and generate with the unity the bimodule T p 
(see condition 5.), one obtains fj e * f l m *a = which permits us to write, for any 
a and b G A, (25) under the form 



rjpb) = n(a)f k m (b) n * f m os = p k os*f k m = s n m (33) 



Replacing a by f^oS-ka into fje* f l m *a = and then acting e, we get fje(a) = 
for any a G A which implies also that equation (31) is trivial and the term of 
(32) which involves p n in the commutation rules between elements of A vanishes. 
Conversely, it is easy to see that if fje(a) = for any a G A, the relations (29) 
and (32) involve commutation rules between elements of A only and, therefore, 
A is a Hopf subalgebra of B. Q.ED. 

By virtue of this proposition, one deduces certain results which will be used in 

the following. 

1. (11) can be written as: 



which shows that the set of the right invariant one-forms G n m generates a subi- 
module, C T, over A and for fj n (p k ) = it generates a £>-subimodule of T. 
since it transforms according to an adjoint representation A of H (6), the as- 
sumption f^ e k = f m -k j\ is justified [11]. 
2. For any a & A, (26) can be written as: 



where we have used (34) to get the third hand side. Multiplying both sides from 
the right by f e r (S(a^) &(3))) an d using again (34), we get 



6" m a=(a^/„l)© fc £, aeA 



f m 

(a(i)6(i))/"(a (2 )6( 2 )) 



ft,(a(i))/ 1 S,(6(i))r ff (a(2))/ , ,(6(2)) 
f\(a W )f\(b {1) )r £ (a (2) b {2) ) 



f n m (ab) = f k m (a)f n k (b), a,be 



A. 



(34) 



9 



Following similar considerations, one obtains from (28) 

fr(ab)=e + fr{a)r m {b), a,beA (35) 

which leads to 

*ftAV7(A fc J) = f,\5 n m ) = = v e (S(A n J) + v«(A\)f« q (S(A k J), 
V e (S(A\)A k J = ^) = = ^(A» m )+^(5(A» Jfc ))/J(A fc J. (36) 

Now replacing a& by — S(A a b )p b = S(p a ) into (28) and using (37), one obtains 

V n (S( P a )) = -V n (p a ) - v\S{X\))h{p b ). (37) 

In the other hand, by using (33), (27) gives 

(Vk * f n J(S( P a )) = US(p c ))f n m (S(A a c )) = -(% * OS(A a 6 )p 6 ) 

-r fe (^(A c J)r/ P (p 6 )r m (5(A a c )) 

which can be multiplied from the right by /™(A c d ) to give 

US{p a )) = -f k n (S(A a b ))fj k (P b )- (38) 
A similar computation gives respectively from (25) and (26) 

f n m (p a ) = -f n m {A\S{p b )) = -f n k (A\)f k m (S(p b )) - V k (A\)US(p b W m (39) 
and 

f n m (p a ) = -f k m {A\)h{S{p b )) + V k (A\)US(p b ))f n m (K). (40) 

We are now ready to investigate the different commutation rules bra B. 
First, due to the proposition (3,1), (29) reduces to 

A n k (f k m *a) = (a*r k )A k m , (41) 

for any a G A and gives 

A n m p a = r k (A\)p b A k m + f n k (p a )A k m - A\A\f k m {p b ) - A n m S(p")A a b f, e (p b ) (42) 
for a = p a . 

Secondly, replacing a e B by S(a) into (30 - 32) and then acting on both sides 
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S 1 , we get respectively 



(a*f k m oS*fj e oS) + (a*f k m oS*f e q oS)p« = p e (a*f k m oS) 

+ p e (a*f k m oS*fj q oS)p« + A e p (rfoS*a*f k m oS) 
+ K l p {ff>oS^a^f k m oS^f 1q oS)p\ (43) 
(a*f n e o S*fj k o S)A k m = ij m o S*a* f n e o S + (fj m o S*a* f n e o S*ij q o S)p q 

(44) 

and 



+ A5(/ £ m o5*a*/*.o5*^ 0l S)^. (45) 

Due to the proposition (3,1), (45) is trivial for a E A and by replacing a by 
( a * / n fc) £ A the equations (46) and (44) give respectively 



ef k m oS*a) = (a*f n k oS)A k m (46) 

and 

p n a = (a * A o + fl ^ n oS- A n fc (?f o 5 ★ a). (47) 
For a = p a , the equations (45) and (46) give respectively 

A k m US( P a )) = Vm(S( P b ))A a b (48) 

and 



A^P<K + ^W))) = (P k (S(A\))-5 n MS(p a ))) P b A k m 

+ h(S( P a ))A k m - A\AU k m (S(p b )). (49) 



To compare (50) with (43), we have to compute the fourth term of the second 
hand of (43) which can be written as 



A n m S(p e )A a MP c ) = A n m S{A\)p k A a MP c ) 
= -^ n m P%(p a ) + ^ n m t(S(A\))Up b )-^Kt(S(A\))Up c ) 

(50) 
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where we have used (39), 



p k A\ = f k e (S(A a b ))A b J + t(S(A\))A b c - A\A\f,\S{A b c )) (51) 
obtained from (48) by setting a = A a c and 

S(A k JA a MP c ) = vUP a ) (52) 

obtained from (21) by setting a = p a and by using (23) and the proposition (3,1). 
Replacing the fourth term of the right hand side of (43) by (51), we get: 

KnP\^ + v b (s(p a ))) = n(A\)p b A k m + (r k ( P a ) + 5ms(A a b m P (p b M k m 

- ^\(fUp b ) + €v P (S(A b c m p (P c )) (53) 
which can be written, after the make of use of (37), (39) and (40), under the form 

A" m pU a + v b (S(p a ))) = f n k (K)p c A k m 

f n e^\)f k (S(p b ))A k m + A\A\f k e (A b c )f m (S(p c )). (54) 

Therefore, by virtue of the condition 5. of the inhomogeneous Hopf algebra defi- 
nition, we can deduce from (55) and (50) that 

f n k (S(A\)) = f\{A\) + 5ZUS( P a )) (55) 

and 

f n k (S(p a )) = -nA a b )f k (S(p b )) = r k (p a ) + 5^ e (S(A a b ))fj e (p b ). (56) 

where we have used (40) to get the second relation. Let us note that, for a = A b , 
the equations (47) and (42) are consistent in virtue of (56) and (49). 
Now, multiplying both sides of (55) from the left by f(S(A)), we get 

+ f k q (S(p n )W m ~ A>V P m ( W) (57) 
where we have used (42). Comparing the latter equation with (52), we obtain 



f n e(S(A k q )) = f k q (S(A l + f le (S( I f))) 
12 



(58) 



and 



V n (S(A k q )) = f k q (S(p n )). 



(59) 



Substituting (56) into (59), we get 




(60) 



(/*2(A' B ) 



(61) 



or, using again (56), 



(ft(S(A* B )) - « - SZUStf)))(ft(S(A k q )) + 5 n q 5 k ) = 0. (62) 



which are the characteristic equations for the matrices R™ k = /™(A* n ) and 
R™1 = f T ^(S(A t n )). To have the commutation rules between the translations, it 
suffices to replace a by p a into (44) to get after some straightforward computation 



p n p m = (/^(^(A"^)) - S^fj k (S(p m )))p e p k + ff l (S(K m k ))p k + f n k (S(p m ))p k 

= nm)pV - (a(ad - 6 n f d m k )fj e (s(A k p ))f 



where we have used (56), (57) and (60). With the assumption (23), it follows 
from the previous theorem (3,l):Let B an inhomogeneous Hopf algebra satisfying 
1.-5. on which there exists a bicovariant differential calculus, Then there exist 
functionals f n m , f n m , f) n and i) m G B' satisfying (24), (25-28), (33), (56-57) and 
(59-60) such that the relations (42), (48) and (64) are satisfied. 



4 Consistency Conditions 

Here we shall continue the study of the consistency conditions between the 
different functionals and the commutation rules of the generators of Q. In 



the following we set H% = f k e (A n J, = f k e (S(A n J), Ql = f, k (S(p n )), 

Z nm = fj"(S(A™ k )) = r k {S{p n )) (see (60)) , ZT = k{S{P m )) = -R™Z p k %see 
(57)) and T nm = fj n {S{p m )). We start this study by 



+ V n (S(p m )) -A n k A?t (S(p e )) 



(63) 
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L emma (4,1) 



Q n m = \5 n m , XeC,\^-l (64) 

proof. Applying j\ and j\ o S on both sides of (49), we obtain respectively 
(I ® Q)R = R(Q ® I) and (I ® Q)R = R(Q ® I) implying, due to (56) (R = 
R + I ®Q), I ®Q 2 = Q ®Q which solution is of the form (65). For A = — 1, we 
see from (62) that the f?-matrix is not invertible. Q.E.D. 

Applying f a b on both sides of (42) and f a h o Son both sides of (47) for a = A p q 
and using (34-35), we get the Yang-Baxter equations for the matrices R 

(I®R)(R®I)(I®R) = (R®I)(I®R)(R®I) (65) 

and R 

(I®R)(R®I)(I®R) = (R®I)(I®R)(R®I). (66) 

s tied to the i?-matrix by (56), it is necessary to check the consistency between 
both Yang-Baxter equations. Applying f a b on both sides of (47) and f a b o^on 
both sides of (42) for a = A p q , we obtain 

(R®I)(I®R)(R®I) = (I®R)(R®I)(I®R) (67) 

and 

(R®I)(I®R)(R®I) = (I®R)(R®I)(I®R). (68) 

Replacing (56) into both sides of (68) and (69) and using (66), we obtain respec- 
tively 



(R®I)(I®R)(I®Q®I) = (I ® I ® Q)(R ® ® R) 



and 



(R®I)(I®I®Q)(R®I) + (I®Q®I)(I®R)(R®I) 

+ (I ® Q ® ® I ® Q)(R ® I) 

= (I®R)(R®I)(I®I®Q) + (I®R)(I®Q®I)(I®R) 

+ (I®R)(I®Q®I)(I®I®Q). 

By virtue of (65) the first equation is satisfied and using (62) (R 2 = —R(I ® 
Q) + I ® I + I ® Q), we can see that the second equation is also satisfied . Now 
replacing the third factor of the left hand side and the first factor of the right 
hand side of (67) by (56) and using (69), we get 

(R®I)(I®R)(I®Q®I) = (I ® I ® Q)(R® ® R) 
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which is satisfied in virtue of (65). Therefore (66), (67), (68) and (69) are equiv- 
alent. The action of ff o S on both sides of (49) gives 

ZQ = {I®Q)Z (69) 

and on (42) and (47) gives, for a = A p q , 

(Z®I)R+(R®I)(I®Z)R = (I®R)(Z®R®I)(I®Z) (70) 

and 

(Z ® I)R+ (R® ® Z)R = (I®R)(Z®I) + (I®R)(R®I)(I®Z) (71) 

where we have used (36). Due to (65), the equation (70) is satisfied and if we use 
(56) into (72) and compare with (71), we obtain 

(Z®I)(I®Q) + (R®I)(I®Z)(I®Q) 
= (I®I®Q)(Z®I) + (I ® I ® Q)(R® ® Z) 

which is satisfied by virtue of (65) or (70). Therefore the relation (71) implies 
(72). 

We pass now to the action of the different functionals on the commutation rules 
between the generators of A and the translations. Applying f\ a o S on both sides 
of (52) and using the relations 

UaS(p n )) = f b a (a)v h (S(p n )) 

and 

US(p n )a) = US(p n Ma) 

obtained from (27) for any a e A, we get (Q®I)R = R(I®Q) which is satisfied 
due to (65). Applying f a b oS and f a b oS on both sides of (52), we get respectively 

(/ ® R V ){Z ® I) + (7 ® R-^iR- 1 ® ® Q ® /)(/ ® Z) 
= (R®I)(I®Z)R- 1 + (Z®I)R~ 1 - (I ® R-^iR- 1 ® ® Z) (72) 

and 

(Z®I)R - (I ® Z)R - (I ® Q ® ® Z)R 
= (I ® R)(R ® ®Z) + (I ® R)(I ® I ® Q)(Z ® I) 

- (R®I)(I®R)(Z®I) (73) 

where we have used n and 

f a b (S(p n )a) = h(S(p n ))f a c (a)+US(p n ))v a (a) 
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and 

f a b (aS(p n )) = f c b (a)f a c (S(p n )) - n(a {1) )fj d (a {2) )US(p n )), 

obtained from (26) for any a G A, to have the second equation. Multiplying 
both sides of (71) from the left by (7 (g) R" 1 ) on from the right by R^ 1 and using 
(59) (R = R^ 1 + i?" 1 (J <S> Q)), we retrieve the equation (73). To investigate the 
equation (74), we have to multiply both sides of (72) from the left by — (R <S> 7), 
to get 

{Z®I)R-{I®Z)R - {I ® Q ® ® Z)R 
= -{R®I){I®R){Z®I) - {R®I){I®R){R®I){I®Z). 

where we have used Z = —RZ and RR = I (g>7 + 7 ®Q- Replacing R by R — I®Q 
into the right hand side and using (67) and again Z = —RZ, we retrieve (74). 
Therefore, (71) implies (73) and (74). 
Finally the action of ff o S on both sides (52) gives 

{R®I - I (g) / O /)((/ <8> Z)Z - (Z O I)Z) 
+T®I - {I®R){R®I){I®T) = b (74) 

where we have used the relations 

f, a (S(a P n )) = fj b (S(p n ))f a b (S(a)) 

and 

V a (S(p n a)) = e(S(a)mS(p n ))+V b (S(a))r b (S(p n )) 
- r(S(a {2) ))fj\S(a (1) ))fj b (S(p n )) 

obtained from (28) for any a G A. 

We consider now the translations. From 

US(p m )S( P n )) = f b a (S(p m ))v b (S(p n )) - US( P k ))v b (S(A m k ))fi b (S(p n )), 

obtained from (27), we can see that the action of f\ a o S on both sides of (64) 
gives 

(R-I® I)((Q ® I)Z - (Q <g> I)ZQ - ZQ) = 0. 

From (65) and Z = —RZ we can rewrite the left hand side of this equation as 
-(R - I ® I)(R + I ® I + I ® Q)ZQ which vanishes by virtue of (62). Applying 
f a b o S, f a b o S and fj a o S on both sides of (64), we get respectively 

(R®I - I®I®I){{I®Z)Z-{Z®I)Z 

+ (7 <g> R~ 1 )(R~ 1 ® /)(/ (g) Q <g) /)(/ <g) T)) 

+ (Tg7) - (7®i?~ 1 )(i?- 1 ®7)(7®T) = 0, (75) 

(7® R - I®I®I){{Z®I)Z + {T®I)Q-{I®Q®I){I®Z)Z 

- (I®Q®I)(I®T)-(I®Z)Z) 

+ (7®T) - (R®I)(I®R)(T®I) = (76) 
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and 

(I®R)-I®I®I)((Z® I)T -{I® Z)T) 

-(Z®I)T-(R®I)(I®Z)T = (77) 

where we have used (25) to have (76), 

h(s(p m )s( P n )) = h(s( P n)f a c (s(p n ))+us(p m m a (s(p n )) 

-h(S(p k )mS(A m k ))v c (S(p n )) - 5 a b f, c {S{p m ))f, c {S{p n )) 
obtained from (26) to have (77) and 

v a (s( P m )(p m ))h(s(p n )) - v a (s( P k m b (s(A m k m b (s( P n )) 

obtained from (28) to have (78). The consistency of (75-78) requieres 
Lemma (4,2): The relations (75-78) are consistent if 

T = -RT , A ^ 0, -2 (78) 

Proof. Multiplying both sides of (75) and (76) from the left by (R®I + I®I®I) 
and both sides of (77) and (78) from the left by (I®R + I®I®I) and using the 
relation (R+I®I)(R — I®I) = 0, we obtain the following consistency conditions 

(R® I + I ® I ® I)(T ® I - (I ® R)(R® /)(/ ®T)) = 0, (79) 

(R® I + I ® I ® I)(T ® I - (I ® R~ 1 )(R~ 1 ®I)(I® T)) = 0, (80) 

(I ® R + I ® I ® ® T - (R ® ® R)(T ® I)) = (81) 

and 

(/ ® R + I ® I ® I){{Z ® I)T + (R® /)(/ ® Z)T) = 0. (82) 

From (80) and (81), it follows 

(R® I + I ® I ® /)((/ ® R){R® /)(/ ® T)) 

-(I ® R~ 1 )(R" 1 ® ® T)) = 0, (83) 

and from (67) and (I ® i?" 1 )(^" 1 ® ® R) = (R ® ® ^"^(i?" 1 ® I) 
obtained by multiplying both sides of (68) from the left and from the right by (J® 
i? _1 )(i?~ 1 ® I), we can rewrite (84) as 

((/ ® R)(R® I) — (I ® R^ 1 )(R~ 1 ® /))(/ ® (RT + T)) = 0. 

Multiplying it by (R ® ® R) and using RR = I ® I + / ® Q, we obtain 
(I®I®T+T)) = which is equivalent, by virtue of (65), to X(2+X)(R+I®I)T = 
leading to (79) for A ^ or —2. From (79) and (67) we may see that the equation 
(82) is satisfied and it is also easy to see that the equation (83) is obtained by 
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multiplying both sides of (72) from the right by T and by using (79). Q.E.D. 
Remark(4:,l): note that for A = — 2 the characteristic equation (62) reduces 
to (R — I ® I) 2 = showing that R does not possess negative eigenvalues and 
therefore, in this case, we can not construct from it antisymmetric products. (In 
the following we shall assume the relation (79) for A = —2). 
Remark (4. 2): For the case A = we have R = R = R~ l from which we see 
that the relations (80) and (81) are identical and can not imply (79). But by 
multiplying both sides of (64) by R + / <8> / and by using (62) we can deduce in 
this case the following consi stency condition 

C nm _ A n kA m C kt = q (g 4 ) 

where we have used (47) for a = A and C nm = R n J^ + 5%5™. In fact by applying 
f a b o S and f a b on both sides of (85) we get respectively 

(R ® / + I ® I ® J)(T <g> I) - (/ <g> R~ 1 )(R~ 1 ® /)(/ (8) R+ I <g> / <g> /)(/ <g> T) = 
and 

(I ® R + I ® I ® ®T) - (R® ® R)(R® I + I ® I ® I)(T ® I) = 

which are identical to the relations (81) and (82) by virtue of (67). To get the 
relation (83), we apply ff o S on both sides of (85) to have 

(Z®I)(R + I® I)T + (R® (8) Z)(R + I <8> I)T = 

and (36). By virtue of (72) we can see that this relation is equivalent to (83). 
Therefore for A = the consistency condition is not RT = —T as assumed in 
remark (3.11) of Ref.[9] but (85). 
Comparing now (75) with (76), we obtain 

(R®I - I ® I ® ® R' 1 )(R' 1 ® ® Q ® ® T) 

- (I®R- 1 )(R- 1 ®I)(I®T) = -(I®R)(R®I)(I®T). (85) 

Replacing R by R-I®Q and using (^(g)/)(/(g) J R" 1 )(i?~ 1 ®I) = (^R- 1 )^ 1 ® 
® R), (65) and (79), we can write the left hand side as 

-(/ ® R- 1 )^- 1 ® /)(/ ® I ® I + I ® I ® Q + I ® Q ® I + I ® I ® Q 2 )(I ®T). 

which can be identified to the right hand side of (86) by using ( 59) and (65). 
Therefore, (75) is equivalent to (76). 

Remark (4. 3): For A = the relations (75) and (76) are identical but for A = — 2 
we must assume the relation (79) to have the equivalency between (75) and (76). 
To investigate the equation(77), we multiply both sides of (71) from the left by 
(R ® I) and from the right by Z to obtain 

(Z®I)Z + (I®R)(I®Z)Z 
= (R®I)(I®R)(Z®I)Z + {R®I){I®R){R®I){I®Z)Z 
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where we have used Z = -RZ, RR = 7 ® I + 1 ®Q = 7772 = I ®I + Q®I (due 
to (62) and (65)). Now, multiplying both sides from the left by I®R — I®I®I, 
we obtain 

{I®R-I®I®I){{Z®I)Z -{I® Z)Z) = 
(I ® R - I ® I ® I)(R® ® R® ® Z)Z) 

where we have used (68) and (R — I ® I)R — —(R — I ® I). Taking into account 
this equation, (77) can be written as 

(I®R - I®I®I)((R®I)(I®R)((Z®I)Z + (R®I)(I®Z)Z) 
+ (I®I®Q)(T®I)-(I®Q®I)(I®T)) 
+ I ® T — (R ® ® R)(T ® I) = 0. 

Multiplying both sides from the left by — (7 ® R^ 1 )(R~ 1 ® I) and using (7 ® 
R- 1 )^- 1 ® 7) (7 ® R) = (R® 7) (7 ® R'^R' 1 ®I),we obtain 



(77$ 
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{Z®I)Z 
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® 7)(7 ® R)(T ® I) = = 
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I®I® 


I){I®R^){R 


- 1 ® 7)(7 ® I ® Q)(T ® I) 


-T<2 


57 


+ 


(I®R- 


1 ){R~ 1 ® I)(R> 


2> 7)(7 ® R){T ® 7) 



where we have used (76) to have the third hand side which gives, by using ( 56) 
into the third factor of the last term, 

- (R®I -I®I® 7)(7 ® TT^TT 1 ®I)(I®I® Q)(T ® I) 
+ (7 ® 7?~ 1 )(7 ® I ® Q)(T ® I) 

+ (I® R~ 1 )(R^ 1 ® 7)(7 ® R)(I ® I ® Q)(T ® I) = 0. 

For A = this relation is trivial and for A ^ we use (79) and (59) into the 
second term and (56) into the third term to obtain 

- (R®I-I®I®I)(I®R- l ®I®Q)(T®I) 

- (7®i?- 1 )(i?- 1 ® ® I ® Q)(T ® I) 

+ (7 ® R' 1 )(R~ 1 <g> 7)(7 ®R)(I ®I ®Q)(T®I) = 

which is satisfied by virtue of (I®R- 1 )(R- 1 ®I)(I®R) = (R®I)(I®R- 1 )(R~ 1 ® 
I). Therefore, (77) is also equivalent to (75) and (76). 

Now, we consider the consistency of the commutation rules (64) and the braiding 
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properties of the product of three generators of B. After the insertion of (64) into 
the first term of the right hand side of (64) it self, we get 

pjp = R 2 (pTp) - (R + I ® I)(R - I ® I)Zp + 
(R + I®I)T- (ATA)(i? + / <g> I)T = 
pTp - (/ <g> Q) ((R-I ® I)((pTp) -Zp)+T- (ATA)T) 

where we have used into the second hand side (42) for a = A to have the last 
term and (62), (56) and (79) to have the third hand side. We observe from (64) 
that the second term of the third hand side vanishes implying the consistency of 
these commutation rules. For the product of three translations, we have 



pTpTp = (pTp)Tp — (R ® I){pT{pTp)) + rTp = 
(R® ® R)((pTp)Tp) +pTr) + rTp = 
(R ®I)(I® R)(R ® I)(pTpTp) + (R®I)(I® R)(rTp) + 

(R®I)(pTr) +rTp 

where r = —(R — I ® I)Zp + T — (ATA)T. On the other hand 



pTpTp = pT(pTp) — (I ® R)({pTp)Tp) + pTr = 
(I ® R)((R® I)(pT(pTp)) +rTp) + pTr = 
(I ®R)(R® ® R)(pTpTp) + (I®R)(R® I){pTr) + 

(I ®R)(rTp) +pTr. 

g-Baxter equation (66) implies 

A(rTp) = B(pTr) (86) 

where 

A = (R ® ® R) - I ® R + I ® I ® I 
B = (I ® R)(R® I) - R® I + I ® I ® I. 

Replacing into both sides of (87) r by —(R — I ® I)Zp + T — (ATA)T, we obtain 

- A(R ® I — I ® I ® I)(Z ® I){pTp) + A(T ® I)p - A(ATATp)T = 

-B(I ® R — I ® I ® ® Z)(pTp) + B(I ® T)p - B(pTATA)T. (87) 
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Using (52)(pTA = R(ATp) + ZA - (ATA)Z), we can rewrite the third term of 
the right hand side of (88) as 

B(pTATA)T = B(R® I)(ATpTA)T 
+B(Z® J)(ATA)T - S(ATA^pA)T = 
B(R® I)(I® R)(ATATp)T + B(R ® /)(/ <g> Z)(ATA)T 
-B(R ® J) (ATATA) (I ® Z)T + B(Z ® I) (ATA)T - B(ATATA) (Z <g> J)T. 

(88) 

A straightforward computation shows that 

<g> /)(/ <g> R) = A + (I <g> / O Q)(R O / + / ® 7 O /) (89) 

where we have used = I ® I + 1 ®Q and (56). Multiplying both sides of (90) 
from the right by (ATATp)T and using (47) for a = A and (79), we get 

A(ATA~Tp)T = B(R <g> J) (J <g> ,R) (ATATp)T. 

We see from (90) that for A = this relation is satisfied without using (79). On 
the other hand by using A, we can rewrite the third and the fifth term of third 
hand of (89) as 

(ATATA)S(Z ® I + (R O /)(/ <g> Z))T. 

Using Z = -RZ, RR = RR = I <g> I + I ®Q and (56) we get 

B(Z®I+ (R® Z)T = 

-{I ® R- I ® I ® I){Z ® I - I ® Z)T + (Z ® I)T 

+ {R®I){I®Z)T (90) 

which vanishes by virtue of (78). Therefore (88) reduces to 

-A(R®I - I®I®I)(Z® I)(pTp) + A(T®I)p = 

-B(I®R - I®I®I)(I®Z)(pTp)+B(I®T)p 

-B(Z®I + (R® I)(I® Z))(ATA)T. (91) 

Using now 

A(R ® I - I ® I ® I) = B(I ® R - I ® I ® I) = A 3 , 

we may rewrite (92) as 

A 3 (Z ®I-I® Z)(pTp) - A(T ® I)p + B(I ® T)p - 

B(Z®I+(R®I)(I®Z))(ATA)T = 0. (92) 

From the properties of A 3 and (R — I ® I)R = —(R — I ® I), we have 

A 3 (Z ®I-I® Z){pTp) = A 3 (Z ®I + (R®I)(I® Z)){pTp) = 
B(I ® R)(Z ® I + (R ® ® Z))(pTp) — B(Z ® I + (R® ® Z))(p~Tp) 

Using (64) into the second term of the third hand side, we obtain 
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B(I ®R)(Z®I+(R®I)(I® Z))(pTp) - B(Z ®I + (R®I)(I® Z))R(pTp) 
+B(Z ® I + (R® I)(I ® Z))(R - I ® I)Zp - B(Z ® Z))T 
+B(Z ®I+(R®I)(I® Z))(ATA)T. 

The first and the second term vanish by virtue of (71) and the fourth term 
vanishes by virtue of (91). Therefore (93) reduces to 

+B(Z ®I + (R®I)(I®Z))(R-I® I)Zp - A(T ® I)p + B(I ® T)p 

which can be written, after the make of use of (71), as 

+B(I ® R - I ® I ® I)(Z ® I + (R ® I)(I ® Z))Zp - A(T ® I)p + B(I ® T)p = 
A 3 (Z ®I + (R®I)(I® Z))Zp - A(T ® I)p + B(I ® T)p = 
A(R ® I — I ® I ® I)((Z ® I)Z — (I ® Z)Z)p - A(T ® I)p + B(I ® T)p 

which reduces, due to (75), to 

-A(I ®R)(R® /)(/ ® T)p + B(I ® T)p 

which vanishes according to the same calculation of (90). 
The same procedure is applied to pJpJK to have 



pTpTA = pT(pTA) = (I ® R){{pTA)Tp) + (I ® Z)(pTK) - 

((pTA)TA)Z = 

(I ® R)(R® I) (AT (pTp)) + (/ ® R)(Z ® I) (ATp) - (I ® R)(ATATp)Z + 
(I ® Z) tildeR(ATp) + (I® Z)ZA -(I® Z)(ATA)Z - (R ® I)(AT(pTA))Z - 

(Z ® J)(ATA)Z + (ATATA)(Z ® I)Z = 
(I ®R)(R® I) (I ® R) (ATpTp) - 
(I ® R)(R ® ®R-I®I®I)(I® Z)(ATp) + 
(I ®R)(R® I) (I ®R)(R® I) (ATATA) (I ®T) + 
(I ®R)(Z® J)(ATp) -(I® R) (AT AT p)Z + (I ® Z)R(ATp) + 
(/ ® Z)ZA -(I® Z)(ATA)Z -(R®I)(I® R) (AT AT p)Z - 

(R®I)(I®Z)(ATA)Z + 
(R ® J)(ATATA)(J ® Z)Z - (Z ® I)(ATA)Z + (ATATA) (Z ® I)Z. 

on the other hand, 
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p~Tp~TA = (joTp)TA = (R ® J)(pT(pTA)) - 
(R®I -I®I®I)(Z® /)(pTA) + (T <8) /)A - (ATATA)(T <g> /) = 
(i? ® ® R){{pJA)Tp) + ( J Ro/)(/(g)Z)(PTA) - (i? <g> J)((pTA)TA)Z - 
(R® I - I ® I ® I)(Z ® I)R(ATp) -(R®I-I®I®I)(Z® I)ZA + 
(R®I - I ®I ®I)(Z ® J)(ATA)Z + (T <g> J)A - (ATATA)(T <g> I) = 
(R ® /) (/ <g> £) (£ <g> /) (ATjoTjo) + (R®I)(I® R) (Z ® I) (ATp) - 
(R®I)(I® R)(ATATp)Z+ (R® ® Z)R(ATp) + 
(i? ® /)(/ ® Z)ZA -(R®I)(I® Z)(ATA)Z -(R® I)(R ® I)(ATpTA)Z - 
(R ®I)(Z® 7)(ATA)Z + (i? ® 7)(ATATA)(Z ® J)Z - 
(R® I - I ® I ® I)(Z ® I)R(ATp) -{R®I® I)ZA + 
(R ® I — I ® I ® I)(Z ® J)(ATA)Z + (T ® I) A — (ATATA)(T ® I). 

Using again (52), we can replace (R ® I)(R® I)(ATpTA)Z by: 

(R ®I)(R® /)(/ ® R)(ATATp)Z +(R®I)(R® ® Z)(ATA)Z 

-(R ®I)(R® 7)(ATATA)(7 ® Z)Z. 

We remark that (69) implies the egality between the coefficients multiplying 
ATpTp. 

For the coefficient multiplying ATp, we must have the following relation 

(R ®I)(I® R)(Z ® I) + (R® ® Z)R — (R ® I — I ® I ® I)(Z ® I)R — 
-(I ® R)(R® ® R - I ® I ® /)(/ ® Z) + (I ® R)(Z ® I) + (I ® Z)R 

which can be written under the form 

(R ® I - I ® I ® /)((/ ® R)(Z ® I) - (Z ® I)R 
+ (/ ® Z)R +(I®R)(R® /)(/ ® Z)) = 

where we have used (69). By using (R — I ® I)R = —(R — I ® I) we can replace 
the third term of the second factor by —(R® ® Z)R to see that this relation 
is satisfied by virtue of (72). It is also easy to see that the coefficients multiplying 
A are precisely the relation (75) and those multiplying (ATA)Z and (ATATp)Z 
are equal in virtue of RR = I ® I + I ® Q and (56). Using (42) and (47) for 
a = A, we obtain for the coefficients multiplying ATATA the same consistency 
of the braiding of pTpTA. 

Finally by using ATA = R(ATA)R~ 1 , obtained from (42) for a = A, and (71) we 
can show by a similar way the consistency of the braiding of pTATA. 
Then from the results of this section, it follows 
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Theorem (4,l):Let Q be an inhomogeneous quantum group, as defined in section 
2, with the following commutation rules 

i?(ATA) = (ATA)i2, 

joTA = R(ATp) + ZA- (ATA)Z, 

pTp = R(pTp) -(R-I® I)Zp + T - (ATA)T, 

then 

R = R + I®Q 
Q = XI XeC 
T= -RT 

or (R + I® I)T- (ATA)( J R + I® I)T = 

(R®I)(I®R)(R®I) 
(Z®I)R 
= (I®R)(Z®I) 
{R® I - I ® I ® I) 
+T®I 

and 

(I ® R) - I ® I ® I)((Z ® I)T - (I ® Z)T) - (Z® I)T- (R® I)(I® Z)T = 0. 
with 

Z = -RZ 



= J R- 1 + i?- 1 (/®Q), 

A 7^-1, 
/or A^O 
/or A = 0, 

= (I®R)(R®I)(I®R), 
+ (R®I)(I®Z)R 
+ (I®R)(R®I)(I®Z), 
((/ ® Z)Z - (Z ® I)Z) 
- (I®R)(R®I)(I®T) = 



5 Dicussions and Conclusions 

We end this paper by noticing that: 

1. Let us recall that (10) and (11) imply that ff, f£ e m , f n e m and /& are lin- 
ear functionals on B but not /™, rf 1 and fjk ■ Then their action on both sides 
of inhomogeneous commutation not justified but a tedious and straightforward 
computation shows that they give the same results that those obtained directly 
by using ftf", f n e m and f& . 

2. From (35), (36) and (24), we see that A 3 a ^ p(a) = ^ ^ ^ ^ G 
Mn(C) is a unital antihomomorphism. 

3. Replacing a and b E A respectively by S(a) and S(b) into (36) and by setting 
rj k = fj k o S, we get 

V n (ab) = V n (a)e(b) + f n m (S(a)) V m (b), a,b e A. (93) 
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Then, although the formalism presented above is quite different from those of 
Ref. [9], we arrive to similar results for the commutation rules between the ele- 
ments of A and the translations (48) and (94). These formulae become identical 
with those of Ref. [9] if f n m (S(a)) = f n m (a) for any a £ A. The latter condition is 
satisfied for rj n (p a ) = and it is true, as a consequence of (56) and (57), for any 
a £ B. In this case (34), (35) and (94) are also true for any a and b £ B and (94) 

can be combined with (34) to see that Ala^ p(a) = ^ f ^ ^ ^ £ M N (C) 

is aunital homomorphism. In this case the R- matrix is subject to a strong con- 
straint R 2 = I® 2 as in Ref. [9]. 

4. Using (85) and setting T = —IT' we can re write, f ion rules between the 
translations as 

{RIT ~ K5?){p k p l - Z* l p q + T m - A k q A e p T' qp ) = 

which are identical to those of Ref. [9]. In this case one can also see that (75) 
reduce to the condition of the existence of covariant differential calculus on a 
quantum Minkowski space found in Ref. [12]. 

Acknowledgments. We are grateful to M. Dubois- Violette, A. B. Hammou 
and A.E.K. Yanallah for valuable discussions 



References. 

1- O. Ogiesvestsky, W. B. Schmidke, J. Wess and B. Zumino, Commun. Math. 
Phys. 150(1992)495. 

2- S. Majid, J. Math. Phys. 34(1993)2045. 

3- M. Chaichian and A.P Demichev, Phys. Lett. B304(1993)220. 

4- V. K. Dobrev, J. Phys. A: Math. Gen. 26(1993), 1317. 

5- J. Lukierski, A. Nowicki, H. Ruegg and V.N. Tolstoy, Phys. Lett. B264(1991) 
331. 

6- J. Lukierski and A. Nowicki, Phys. Lett. B279(1992)299, M. Schliecker, W. 
Weich and R. Weixler, Z. Phys. C. Particles and Fields 53(1992)79, Lett. Math. 
Phys. 27(1993)217, L. Castellani, Lett. Math. Phys. 30(1994)233. 

7- S. Zakrzewski, J. Phys. A:Math. Gen. 27(1994), 2075. 

8- L. Castellani, Commun. Math. Phys. 171(1995)383, P. Aschieri and L. Castel- 
lani, Int. J. Mod. Phys. All(1996)4513. 

9- P. Podles and S.L. Woronowicz, Commun. Math. Phys. 185(1997)325, Com- 
mun. Math. Phys. 178(1996)61 , " Inhomogeneous quantum groups" In Proceed- 
ings of First Caribbean School of Mathematics and Physics in Guadeloupe, 1993. 
M. Chaichian and A. Demichev, "Quantum Groups" World Scientific (1996) 

10- S.L. Woronowicz, Commun. Math. Phys. 122(1989)125. 

11- U. Carow-Watamura,M Schliecker, S. Watamura and W. Weich, Commun. 
Math. Phys. 142(1991)605. M. Lagraa, Int. J. Mod. Phys. All(1996)699. 

12- P. Podles, Commun. Math. Phys. 181(1996)569. 



25 



